O HeKOTopbix ajireSpannecKHx 
KOHCTpyKij;Hax na npoH3Be^eHHH C(J)ep 



Hropb BasK 



AHHOTail,HiI 

B flaHHOH pa6oTe mbi HCCjie^yeM TonojiornHecKyio cbhsb ueyK^y 
aSejieBBiMH h Hea6ejieBE.iMH rpynnaMH neTHOCTH. A6ejieBBi rpynnti 
HeTHOCTH 4)opMHpyiOTCH KaK Hflpa roMOMop4)H3MOB HCTHOCTH B rpyn- 
ne a Hea6ejieBi)i rpynnti hcthocth cJjopMHpyroTCH KaK Hflpa roMO- 

MOp4)H3MOB HCTHOCTH B rpynnC S2I Sn- OaKTOpHSai^HCH I];ejIOHHCJieH- 

HOH pemeTKH c noMomBio a6ejieBBix rpynn hcthocth mbi nojiynaeM 
(JjaKTop-pemeTKH, KOToptie (JjopMnpyiOT Kapxac (l-MepHBift kjictoh- 
HBiH KOMnjieKc) npoHSBefleHHH ccjjep. IloKasaHO, hto hsomopcJjhsmbi 
3THX (JaaKTop-pemeTOK, o6pa3yiOT cooTBeTCTsyiomHe Hea6ejieBE.i rpyn- 

nBI HCTHOCTH. 



1 Fpynna S2I Sn roMOMopcJ)H3Mbi HexHOCTH 

Xopomo HSBecTHO, hto rpynna no;i;cTaHOBOK Sn ;i;onycKaeT pacmnpeHHe ;i;o 
rpynnbi f„ = S2I Sn, KOTopyio JierKO npe;i;cTaBHTb rpynnofl TaKHX JiHHefl- 
Hbix npeoSpaaoBaHHH M" — R"^ : (xi,...,a;„) — >• (x'^, . . . , x^) : x'^ = ±Xj, 
B KOTopbix OTo5pa>KeHHe MHOJKecTBa HHfleKCOB KoopflHHaT Shckthbho, hjih 
rpynnoH KBaflpaTHbix MaTpnii; nop5i;i;Ka n, HMeiomHx b KajK^OM CT0Ji5ii;e h b 
KayKflflm CTpoKe no o;i;HOMy HenyjieBOMy sjieivieHTy paBHOMy 1 hjih —1. 

O^IHaKO MajiOH3BecTHO, HTO Ha rpynne P„ mojkho 3a;i;aTb Tpn Tnna (J)yHK- 

n,HH HGTHOCTH. /JeHCTBHTejIbHO, HO Onpe^ejieHHK) S2I Sn = *S'2 X Sn, Tflfi 

rpynna Sn ^eiicTByeT na rpynne 5*2 no^CTanoBKaMn KOMnonenT npaMO- 
ro npoHSBefleHHa. HoaTOMy bcjikhh BJieivieHT z ^ S2 I Sn pacKJia^biBaeTca b 
npoHSBefleHHe z = xy, rjifi x E Sn y = {yi, ■ ■ ■ , Vn) £ '^'2, a conpajKen- 
HbiH eiviy sjieMGHT z* E S2I Sn pacKJia;i;biBaeTC5i b npoH3Be;i;eHHe z* = yx. 
ToT^^a MO>Kno c^ejiaTb cjie^yiomne onpe^ejiennii neTnocTn sjieivienTa z n co- 
npfljKennoro eiviy sjieivienTa z*. 

1.1 Onpe^ejieHHe. <l>ynKn,neH neraocTn nepnoro Tnna nasbinaeTCH (J)ynK- 
n,H5i sgn z = sgn z* = sgn x 
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1.2 Onpe^ejienne. OyHKi^Heii hgthocth BToporo THna naabiBaeTca (J)yHK- 
ii;Ha sgn z — sgn z* — sgn y — sgn ?/i * • • • * sgn y„ 

1.3 OnpeflejieHHe. c&yHKLi,HeH neTHOCTH Tpeibero THna nasbiBaeTca (J)yHK- 
ii;h5i sgn z = sgn z* = sgn x * sgn y 

Bee 9TH 4)yHKn,HH roMOMop4)HO OTo5pa>KaK)TeH b rpynny {±1}. /lettcTBH- 
TejibHO, nyeib flano paajioJKenHe x = x'x" h y = y'y". Tor^a, eejin sgnxy — 
sgn X, TO sgn x'y' * sgn x"y" — sgn * sgn x" — sgn x'x" — sgn x = sgn xy, ec- 
jiH sgnxy = sgny, to sgnx'y' *sgnx"y" — sgn y'* sgn = sgny'y" ~ sgny = 
sgnxy, eejiH sgnxy = sgnx * sgny, to sgnx'y' * sgnx"y" = sgnx' * sgny' * 
sgn x" * sgn y" = sgn x' * sgn x" * sgn y' * sgn y" = sgn x * sgn y = sgn xy , "qeivi h 
flOKasbiBaeTea, hto Bee naniH 4)yHKn,HH neTHoeTH aBjiaiOTea roMOMop(J)H3Ma- 
MH. TaKHM o6pa30M, roMOMopc|)H3Mbi MeTHoeTH BbiflejifliOT B rpynne P„ Tpn 
no^rpynnbi: AP^, BP^, CPn, KOTopbie 4)opMHpyiOTea Kax a^pa c|)yHKn;HH 
HeTHoeTH eooTBeTeTBeiiiio nepBoro, BToporo h TpeTbero Tnna. 

Heejie^yeM Tenepb a^rrreSpaHneeKvio eTpyKTypy sthx rpynn. npejK;i;e Bee- 
ro nanoMHHM, hto rpynna Pn H30Mop(|)Ha rpynne XS'^, r^e sto npaMoe 
npoH3BefleHHe n KOMnonenT flByxajieMenTHoro nojia Z2, h 3aMeTHM, hto ro- 
MOMopc|)H3M MeTHOCTH rpynnbi Z2, paBHbiii cyMMe no MOflyjno 2 Bcex n kou- 
noneHT ee sjieivieHTa, Bbiji;ejTaeT b Hen no^irpynny AZg, eoeToani;yio h3 sjie- 
MeHTOB, B KOTopbix 1 BCTpe^aeTea neTHoe nnejio pas hjth BOBee ne BeTpenaeT- 
ca. HoeKOJibKy BeaKnii sjieMenT rpynnbi A'L2 paeKjia^biBaeTea b cyMMy, KajK- 
floe cjiaraeMoe KOTopoii coctoht h3 nap e^HKHn, h ocTajibHbix nyjieii, to rpyn- 
na A7i2 nopojKflaeTca eBOHMH noflrpynnaMH, H30Mop4)HbiMH AZ^. Tor^a h3 
onpeflejienna rpynn APn, BPn cjreflyeT, mto rpynna APn H30Mop4)Ha rpynne 
Z2 X An, T^.e An 3T0 siiaKOuepeMennaa rpynna, a rpynna BP^ H30Mop4jna 
rpynne AZ2 X Sn- HocKOJibKy snaKonepeMennaa rpynna nopoiK^aeTca n,HK- 
jiaMH fljiHHbi 3, TO rpynna APn nopojKflaeTca cbohmh no^rpynnaMH TpeTbeii 
CTenenn AP3. B cbok) onepeflb, nocKOJibKy Sn nopojKflaeTca TpaHcno3Hn,Ha- 
MH a rpynna ATJ^ nopo>K;i,aeTca cbohmh ^ByxKOMHOiienTHLiMH no^rpynnaiviH, 
TO rpynna BPn Hopo>K;i,aeTca cbohmh no^rpynnaMH BTopoii CTenenn BP2. 
BbinnmeM 3;i;ecb jiHHeiiHoe npe^CTaBJienne h MaTpHHHbiii o6pa3 rpynnbi BP2: 
{(xi,X2) ^ (a;i,X2), (xi,X2) ^ (a;2, (xi, X2) ^ -X2), (xi, X2) ^ 

{{I o)'("o^ ~^)]' 

MeiixaM STOii rpynnu cooTBCTCTByiOT OTpajKenna hjiockocth (xi,X2) 
OTHOCHTejibHO ;i;HaroHajieH X2 = Xi h X2 = — Xi. BbinnmeM 
TaKJKe jinneiiHoe npeflCTaBjienne h MaTpHHHbiii o6pa3 rpynnbi CP2: 

{(X1,X2) ^ (a:i,X2), (xi,X2) ^ (X2, -Xi), (Xi, X2) ^ (-Xi, -,7;2), (Xi,X2) ^ 

{-X2,x^)}, I ( J ?)'(-! J ) ' ( 0^ -1 ) ' ( 1 0^ ) }■ 
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TEM 3T0H rpynnbi cooTBeTCTByiOT noBopoTbi eBKJiH;i;0B0ii njiocKOCTH na yroji 
KpaTHbiH 7r/2. Fpynna CP„ TaKme nopojK^aeTca cbohmh no^rpynnaMH, h30- 
Mopc|)HbiMH CP2- ^eiicTBHTejibHO, B03bMeM npoH3BOJibHbiH 3JieMeHT rpynnbi 
CPn H, yMHOJKaa ero na sjieivienTbi rpynnbi, npeo6pa3yK)iTi,He TOJibKO napy 
KOop^nnaT npocTpancTBa npe^CTanjienna, nojiy^HM CHa^ajia TOJK^ecTBen- 
Hoe OToSpajKenne b KOMnoneHTe Sn a 3aTeM h b KOMnoHenTe 5*2 cnjieTenHoro 
npoH3BefleHHa, hto bo3mo>kho b CHJiy CBOficTBa rpynn Sn h AZ2. Tor^a, 
npoH3BeflenHe o6paTnbix 3JieMenT0B pa3Jio>KenH5i 6yfleT pasno ncxoflnoMy 
3JieMenTy CPn, Sl cjie7i,OBaTejibno BcaKnn sjieivienT rpynnbi CPn MOJKno pa3- 
jioJKHTb B npon3Beflenne sjieivienTOB rpynn, H30Mop4)nbix CP2. 

HycTb Tenepb flano TaKoe pa36HeHHe MHOJKecTBa / = {l,...,n} na 
HenepeceKaiomHeca no^MHOJKecTBa /i, . . . , hto moiii;hocth no^MHOiKecTB 
li paBHbi Hi, npHHCM rii + • ■ ■ + rim — n-- Tor^a BCSKOMy pa36HeHHio 
J — {7i, . . . , Im} MOJKno conocTaBHTb rpynny, o6pa30Bannyio nnemnnM no- 
jiynpaMbiM npoH3BeflenHeM 

JPn = CP„, X • • • X CPn^ X BPn,, (1.1) 

r;i,e rpynna BPm ,T,eHCTByeT na rpynne Yl"^ C'P„. cooTBeTCTByioTUHMH no/i- 
cxaHOBKaMH KOMnoHGHT upaMoro npoH3BefleHHa. Ha30BeM axy rpynny ko- 
HeuHou Hea6eAeeou zpynnou uemHocmu. Cjie^yeT OTMeTHTb, hto b o6iii;eM 
cjiynae rpynna JPn ne HMeeT MaTpnHHoro npe^CTaBJieHHa, ho ee ajieivieHTbi 
MoryT 6biTb npe,T,CTaBjieHbi MaTpHn,aMH (npeji,CTaBjiaioii],HMH rpynny BP„i), 
nenyjiGBbie sjieMenTbi Koropbix anjiaiOTca rpynnaivm CP^, TaKiKe HMeiomn- 
MH MaTpHHHoe npe;i;cTaBJieHHe. 

IlycTb Tenepb 3a^aH MaTpHHHbiii o6pa3 Beni;ecTBeHHoro jiHReiiHoro npe^- 
CTaBJieHHa rpynn BTopofi CTenenH CP2, BP2. 06o3HaHHM nocpe^CTBOM C n B 
MaTpnnnbie ajireSpbi, nopo>K/iaeMbie MaTpnnaMH, cooTBeTCTByroiunx rpynn, 
a nocpe^CTBOM C*, B* o5o3naHHM rpynnbi o6paTHMbix sjieivienTOB cooTBeT- 
CTByioin,Hx ajireSp. Tor^a necjiOiKno noKasaib, hto a^po roMOMop4)H3Ma 
HeTHOCTH C* — > ]R* : C* — > det C* paBHO cneii;HajibHOH opToroHajibHofi rpyn- 
ne SO (2), a aflpo roMOMopc|)H3Ma neTHOCTH B* ^ M* : B* ^ det B* paBHO 
cnen,HajibnoH nceB^oopToronajibnon rpynne <S'0(1,1). ^eiicTBHTejibno, no- 

CKOJibKy C=<( ^In ^) y £ TO MnojKecTBO pemennn ypanne- 



HHa det C* — x'^+y'^ — 1 xax pa3 h Bbi^ejiaeT b rpynne C* no^rpynny 5*0(2). 

B cbok) onepeflb, nocKOJibKy i?=<|^^ ^ '^^ MHOJKecTBO 

penieHHH ypaBnenna det B* = — y"^ = 1 Bbi;],ejiaeT b rpynne B* no^rpynny 
5*0(1, 1). C noMombio 6jiOMHO-;],HaroHajibHbix MaTpnu, nopa^Ka n mm 3afla- 
flHM H30Mop4)iiyio 50(2) rpynny SO^ki^) = diag [l, . . . , S'0(2)(jfc), • • • , l]^, 
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KOTopaa o6pa30BaHa MaTpHii;aMH, OTJiH^aiomHMHca ot e;i;HHHHHOH tojibko 
TBM, HTO Ha nepeceHeHHH napbi CTpoK h napbi ctoji6ii;ob c HH^eKcaMH j, k 
HaxoflHTCfl MaTpH^HbiH 3JieMeHT rpynnbi 5*0 (2). AnajiorH^HO aa^a^HM h30- 
Mop(i)Hyio S0{1,1) rpynny SOjkil,!) = diag [l, . . . , S'0(1, . . . , l]^. 

Torfla BCHKOMy paaSHenHio J mojkho conocTaBHTb rpynny 

SO(ni, . . . , n J = {SOjk(2), SOjk(l, , (1.2) 

nopoiK^aeMyio renepaTopaMH SOjk(2) h SOjk(l, 1) Tax, hto napa HH^eK- 
COB nepBoro renepaiopa npnnaflJiejKHT nponsBOJibnoMy noflMnojKecTBy 7j, a 
napa nn^ieKCOB BToporo renepaTopa npnna^JiejKHT nponsBOJibnoii nape no^- 
MHO>KecTB paaSneimii. OflnaKO saMeTHM, "^ito ^ocTaToniioe jiJia oSpaaoBaHna 
rpynnbi SO{ni, . . . ,njn) hhcjio renepaTopoB 3a/],aeTC5i (jjopiviyjiOH 

p = ^ni(ni-l)/2 + m(m-l)/2, (1.3) 

m 

nocKOJibKy fljifl rnnepSojinnecKoro noBopoTa Me>K,T,y /[ByMa no;T,npocTpan- 
CTBaMH ;i;ocTaTOHHO TOJibKO oflHoro renepaTopa SOjkil, 1) c npoH3BOJibHbi- 

MH HH^eKCaMH j, k, BaSTblMH H3 ^ByX pa3HbIX nOflMHOiKeCTB li, a OCTajIbHbie 

renepaiopbi SOjk{i, 1) (c flpyrnMn nnfleKcaMn) 6yflyT npoH3BOflnbiMH ot 
Bbi6paHHoro renepaTopa n ;i,HCKpeTnbix BpaniennH nnyTpn Ka>Kfloro h3 ^nyx 
no;i,npocTpaHCTB b OT/xejibHOCTH. TeM caMbiM, nocKO.rrbKy rpynna .TTn nopojK- 
flaeTca cbohmh o^HonapaMeTpHHecKHMH no^rpynnaiviH, to mm nojiynnjin p- 
napaMeTpHHecKyio rpynny Jin SO(ni, . . . ,71^), KOTopyio Ha30BeM zpynnou 
uemHocmu JIu. 

PlTaK, B3aB 3a ocnony rpynny S2I Sn ^ 3aflaB na nefi roMOMop4)H3Mbi 
neTnocTH, naM y^ajiocb nojiynnTb ne TO.TbKO Konennbie no n nenpepbinnbie 
rpynnbi neTHOCTH, BKjnoMaioni;He b ce6a b tom nncjie n neKOTopbie KJiaccn- 
necKHe rpynnbi. 3aMeTHM o^naxo, hto ^Jia o6pa30BaHHa Bcex B03M05KHbix 
MaTpHHHbix rpynn Jin nocpe^CTBOM nopojKflenna nx MajiOMepnbiMH no^- 
rpynnaMH Jin neo6xoflHMO BOcnojibsonaTbca eme oflnon MaTpnnnon ajire6- 

X 



poH, a HMenno, ajire6poH ^=<|^|^q ?///' 3;, y e IR. Tor^a, Bcaxaa 

noflrpynna o6ni;eH JinneHHon rpynnbi GL(n, R) nopojK^aeTca BceB03M0>K- 
nbiMH MajiOMepnbiMH rpynnaivin Jin, KOTopbie MoryT 6biTb o6pa30Banbi h3 
MaTpnnnbix ajrreSp M(2,]R), A,B,C n pacmnpenbi rpynnoii MonoMnajibHbix 
noflCTanoBOK /[Byxs.rreMenTHoro 6a3Hca. Hanpniviep, MHorocBH3naa, a TOMnee 
2"n!-KOMnoHeHTHaa, rpynna Jin, cocToain;aa h3 n-MaTpnu,, b KajK;i;oM CTpoxe 
H KajKflOM CT0Ji6n;e KOTopbix no o^noiviy nenyjieBOiviy 3JieMeHTy, nopojK^aeTca 

{ f X 

renepaTopaMH, H30Mop(J)nbiMH oflnocBa3noH rpynne Jin = 



y 

rfle x,y G M"*", n renepaTopaMH, H30Mop4)HbiMH KonennoH rpynne 5*2 I 82- 



4 



2 Fpynna IT' h roMOMop4)H3Mbi hgthocth 



Sa^aflHM Ha rpynne Z" (|)yHKn,Hio HeTHOCTH — > Z2 : + . . mod 2, 

SHaneHHe KOTopoii paBHO cvMMe no mo/ivjiio 2 scex n KOMnoneHTOB ee sjie- 
MGHTa. TeM caMbiM, Mbi nojiyHHM roMO]viop(|)H3M rpynnbi Z" b rpynny Z2. 

HflpO rOMOMOpc|)H3Ma HeTHOCTH Mbl o6o3HaHHM AZ" H HaaOBBM rpynnOH HBT- 

Hbix 3JieMeHT0B Z". JlerKO aaivieTHTb, hto rpynna ^Z" coctoht h3 3JieMeHT0B 
Z", B KOTopbix HeneTHbie KOMnoneHTbi BCTpenaiOTCH Heinoe hhcjio paa jih- 
60 BOBce He BCTpenaiOTca, h nosTOMy ona nopo>KflaeTCfl BceB03M0>KHbiMH 
CBOHMH no^rpynnaMH BTopoii CTenenn KE? . Hiviea BBH^y, hto AI} = 2Z, 
c4)opMHpyeM TaKiKe b Z" no^rpynny 5Z" = (2Z)", cocToainyio h3 npaMoro 
npoH3BefleHHa (cyMMbi) n 3K3eMnjiapoB ATi^, t. e. h3 neTHbix ii;ejibix bo Bcex 
KOMnoneHTax Z". 3aMeTHM npn stom, mto Z"/5Z" = Z2. 

HycTb ^ajiee mm HMeeM pa36HeHHe J = {Ii, . . . , Im}, onpe;T,ejTeHHoe pa- 
nee. Tor^a, b cootbgtctbhh c 3thm pa36HeHHeM mojkho c(|)opMHpoBaTb rpyn- 
ny 

JZ" = AZ"i X ••• X AZ"-. (2.1) 

OaKTop-rpynny Z"/JZ", H30Mop(i)nyK) rpynne Z^ nopa^Ka 2^ mm na30BeM 
KOHCHHOU a6ejieeou spynnou uemHOcmu. HopaflOK rpynnbi Z"/JZ" mojkho 
BbinncjiHTb TaKJKe, ncxofla h3 Toro, hto 

Z"/ JZ" = Z"i /AZ'*! X • • • X Z""^ /AZ"'" (2.2) 

a BCHKaa rpynna Z^^/AZ"' coctoht h3 /ibvx sjieMCHTOB. B KanecTBC hji- 
jnocTpan;HH npHBe^CM 3;i,ecb necKOJibKO npHMepoB. Ecjih J = {(1), (2)}, 
TO JZ^ = {2Z, 2Z}, a rpynna Z"/JZ^ coctoht h3 ncTbipex tohck. Ecjih 
J = {(1, 2)}, TO JZ^ = {(2Z, 2Z), (2Z+ 1, 2Z+ 1)}, a rpynna ZVJZ^ cocto- 
ht H3 flByx ToncK, npnneM na hjiockocth ee mojkho npeflCTanHTb b KanecTBC 
^Byx KjiaccoB itejiOHHCJiennbix napajiJiejiorpaMMOB, T.e. napajiJiejiorpaMMOB, 
cocTaBJieHHbix H3 nap ue.rrbix hhccji iia ero CToponax, c paBHoyflajiennbiMH 

OT HyjICBOH TOHKH BepHIHHaMH, Jie>Kain;HMH B HCTHblX H HeHCTHblX TOHKaX 
KOOpflHHaTHblX OCefi COOTBCTCTBCHHO. 

riepeiifleM Tcnepb k paccMOTpennio nenpepMBHbix aSejienbix rpynn. 
HycTb /xaHM roMOMop4)H3MM R ^ Ml : (x 1-^ mod 1) h R ^ M2 : 
{x H- >• |x| mod 2), r;i;e |a;| mod 1 n |a;| mod 2 o3HaHaiOT KJiaccbi cpaBHennn 
HHCJia X no MOflyjiio 1 n 2 cooTBeTCTBenno. SaMCTHM npn stom, hto ecjin 

c|)aKT0pMH05KeCTB0 R2 = R/2Z H30MOp4)HO OKpyjKHOCTH , TO (jjaKTOpMHO- 

jkcctbo Ri = R/Z H30Mop4)no npoeKTHBnoii npaMoii RP^, KOTopaa nojiyna- 
CTca OTOJK^ecTBjienneM npoTHBonojio>Knbix ToncK OKpyacnocTH S^, npnneM, 
TonojiornnecKH n RP^ SKBHBajienTnbi. KpoMC Toro, JierKO 3aflaTb ro- 
MOMop4)H3M / : R^ — > R2 X R2 : {xi,X2) I— >■ (|a;i| mod 2, \x2\ mod 2), a;i;po 
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KOToporo 4)op]viHpyeT rpynny 2Zx2Z a o6pa3 H30Mop4)eH Topy S^xS^ . Bivie- 
CTe c TBM, MOJKHO 3aflaTb roMOMopc|)H3M / : — > Ri X R2 ^ ixi,X2) I—*- (|a;2| 
mod 1, |xi + X2I mod 2), flflpo KOToporo c|)opMHpyeT rpynny A'Z'^ a o6pa3 
H30Mop4)eH npocTpancTBy C(J)epnnecKnx KOop^nnaT R^(S'^). /JencTBHTejib- 
HO, /[ocTaTonno ycTanoBHTb cooTBeTCTBne MejK^y c(J)epHnecKHMn Koop^n- 
HaTaMH (0, 9) {rjie npHHaTO, hto mnpoTa (f) H3Mep5ieTC5i no ]vio;i;yjiK) 27r, a 
flOJiroTa 9 — no MO^yjiio tt) h KOMnonenTaMn npoH3BefleHHa Ri x R2 corjiac- 
no c|)opMyji (j) = 711x1+ X2\ mod 2, 9 — 7r\x2\ mod 1, OTKy^a cpa3y nojiynnM 

Im/ = MV^^^ -K=^('5^)• 
AHaJIO^HHno, MOJKno sa^aTb roMOMop(J)H3M / : R" — R"~^ x R2 : 

{xi, . . . ,Xn) ^ {\x2\ mod 1, . . . , |a;„| mod 1, |xi + . . . + mod 2), koto- 

pbiii HMeeT a^po, o5pa3yioni;ee rpynny AZ", a ero oSpas H30Mopc|)en npo- 

CTpancTBy cc|)epHHecKHx KOop^nnaT n-Mepnoii cc|)epbi R"(5'"'), T.e. Im/ = 

R^/AZ™ ~ R"(S'"^). 06o6n],enHe stoh KOHCTpyKn,HH CBO^HTca k TOMy, hto 

fljia npoH3BOJibHoro paaSnenna J CTpoHTca roMOMop(J)H3M, HMeiontHH b xa^ie- 

CTBe o6pa3a HenpepueHyw a6eAeey spynny uemHocmu R"/ JZ". A nocKOJibKy 

W/JZ"" = R"i /^Z"i X • • • X R'*'" /AZ""^, (2.3) 

TO nenpepbiBHaa aSejieea rpynna hgthocth H30Mop4)Ha KOopflnnaTHOiviy npo- 
CTpancTBy npaMoro npoH3Be^eHHa cc|)ep S'"^ x • • • x 5'""' . 

3 CooTHomeHHe Me:>K^y rpynnaMH hgthocth 

HpeiK^e Bcero nan^eM ^ncKpeTHbie aBTOMop4)H3Mbi nojia fleiicTBHTejibHbix 
HHceji R, KOTopbie ;i;onycKaiOTca ero 4)aKTopH3an;HeH R/2Z n R/Z. Ecjth mm 
B03bMeM nojiapnoe npe^CTaBjienne KOMnjieKcnoro ^ncjia pe**^, r^e p G R"*", 
(f G [0, 27r[, TO ero apryMeHTy n MOflyjno mojkho nocTaBHTb b cooTBeTCTBne 
neKOTopbie jinnennbie npeo6pa30BaHHa OKpyjKHOCTH 5'"'^ = R/2Z. TaK, mo- 
pyjib KOMnjieKCHoro nncjia mojkho CBa3aTb c K034)4)Hn;HenTOM fle(J)opMa- 
n;HH OKpyjKHOCTH, T.e. Mo;i;yjib p 3aflaeT npeo6pa30BaHHe R/2Z 1-^ pR/2Z, 
a ero apryivienT mojkho CBasaTb c noBopoTaMn OKpyjKHOCTH, T.e. apryivienT 
ip sa^aeT npeo6pa30BaHHe R/2Z 1— > 'R/2Z + ip/n. B cbok) onepe^b, ecjin 
Mbi B03bMeM nojiynojiapnoe npeflCTaBjienne KOMnjieKcnoro MHCJia Ke^^, r^e 
K G R, ^ G [0, 7r[, TO ero MO^yjib k h apryivieHT 9 3a;];aiOT cooTBeTCTByioni;He 
Jinnennbie npeo6pa30Banna npoeKTnBnon npaivion RP^ = R/Z, a nivienno: 
R/Z I— >• kR/Z, R/Z I— > M./Z + 9/7T. TaKnM o6pa30M, mm nanijin ncKOMbie 
flHCKpeTHbie aBTOMop(i)H3Mbi R/2Z I— > 1 * R/2Z n R/Z 1— > ±1 * R/Z, koto- 
pbie cooTBeTCTByiOT flHCKpeTBbiM BpamennaM OKpyjKHOCTH n npoeKTHBHoii 
npaMOH cooTBeTCTBenno. 
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riycTb B npocTpancTBe 3a;i;aHa ii;ejiOHHCJieHHaa pemeTKa L" — 
{Tj"", (Z, . . . , R, . . . , Z)}, cocToamaa h3 npaMbix jihhhh, nepeceKaiomHxca b 
TOHKax c n,ejiOMHCJieHHbiMH KoopflHHaTaMH H napajiJiejibHbix 6a3HCHbiM 
opTaM. D^ejiOHHCJieHHaa pemeTKa npe,T,CTaBjTaeT co6oh peryjiapno noBTO- 
paiomHHca naSop ysjiOB h pe6ep, KOTopbii! MO>KeT Sbixb nojiyneH SecKoneH- 
HbiM noBTopeHHeM n-iviepHoro oSpaayioinero napajijiejiennne^a, cocToainero 
H3 2" y3JiOB coe^HHBHHbix pe6paMH. CjieflOBaTBJibHO, rpynna h30mopc|)H3mob 
n,ejiOMHCJieHHOH pemeTKH coBnaflaei c rpynnoii h30mopc|)H3mob o6pa3yioii],e- 
ro napajiJiBJienHne^a, h nosTOMy pasna rpynne MonoMHajibHbix noflCTano- 
BOK, KOTopaa H30Mop4)Ha cnjieTeHHOMy npoHSBe^enHio S2I Sn- 

(l>aKTopH3ye]vi Tenepb pemeTKy L" TaK, htoSm ysjibi pemeTKH cjjaKTO- 
pH30BajiHCb c noMom;bK) KaHOHnnecKoro roMOMop(J)H3Ma Z" — > Z"^/Z", T.e. 
B TOHKy, a KajKflbiii KJiacc napajiJiejibHbix npaMbix ii;ejiOHHCJieHHOH pemeTKH 
(J)aKTopH30Bajica 6bi c noMom,bio KanoHHHecKoro roMOMop(|)H3Ma M — > M/Z b 
npoeKTHBHyio npaMyio MP^. noTpe6yeM npn stom, ^toSm KacaTejibHbie bbk- 

TOpa K HpOeKTHBHbIM HpaMblM 4)aKTOpH30BaHHOH pemBTKH B BB 4)aKT0pH- 
30BaHH0M y3JIB 06pa30BajIH CHCTBMy H3 n JIHHBHHO HB3aBHCHMbIX BBKTOpOB. 
B pB3yjIbTaTB TaKOii 4)aKTOpH3an;HH n;BJIOHHCJIBHHOH pBmBTKH, Mbl HOJiyHHM 

(|)aKTop-pBmBTKy L"/Z", y KOTopoii rpynna h30mop4)h3mob, coxpanaiom,Hx 
nBnoflBHJKnoH nyjiBnyio TOMKy, pasna S2lSn- 9to cjiB/iyBT h3 Toro, hto rpyn- 
na flHCKpBTHblX Bpam,BnHH npOBKTHBHOH npaMOH paBHa 5*2 H HBT HHKaKHX 

TonojiorHHBCKHX npBnaTCTBHH fljia o5pa3yiom;HX rpynny Ho;i;cTaHOBOK Sn hb- 

pBCTaHOBOK 1-MBpHbIX 3JIBMBHT0B pBmBTKH L"/Z". 

ycTanoBHM TBHBpb rpynny flncKpBTnbix Bpam,BnHH 4)aKTop-pBmBTKH 
L"^/AZ", T.B. rpynny h30mop(J)H3mob (J)aKTop-pBmBTKH, coxpanaromnx hbho- 

flBHiKnOH BB nyjIBByiO TOnKy. RpB^K^B BCBrO 3aMBTHM, nTO 4)aKTop-pBmBTKa 

IJ-/2'Z HOJiynaBTca 4)aKTopH3an;HBH pBryjiapnoH pBmBTKH b pB3yjibTaTB 
KaHOHHHBCKoro roMOMopc|)H3Ma R — > R/2Z B OKpyiKHOCTb 5"^, HMBiom;yio 

flBB npOTHBOnOJIOJKnbIB y3JI0BbIB TOMKH. A HOCKOJIbKy flHCKpBTHblB Bpam,B- 

nna OKpyjKnocTn CBO^aTca k bb TOJKflBCTBBnnoMy OTo6pa>KBnHio, to rpynna 
flHCKpBTHbix Bpani,6nHH 4)aKTop-pemeTKH L^/2Z TpHBHajibHa h pasna CPi. 
EcjiH Mbi TBHBpb o6pa3yBM (J^aKTop-pemBTKy L^/AZ^, H30Mop4)nyio ny^Ky 

H3 ^ByX OKpyjKHOCTBH, HBpBCBKaiOm;HXCa B ^ByX CBOHX npOTHBOHOJIOJKHblX 

TOHKax, TO JiBrKO ycTaHOBHM, HTO TpyHHa flHCKpBTHbix Bpam;BHHH SToro nyn- 
Ka paBHa rpynne CP2. HaKonen,, nycTb ^ana 4)aKTop-pBmBTKa L"/ylZ", h30- 
Mop(J)naa nynKy h3 n OKpyjKnocTBii, nBpBCBKaiom,Hxca b ^Byx cbohx npoTH- 

BOHOJIOiKHblX TOHKaX, HpHHBM KaCaTBJIbHbIB BBKTOpa K OKpyjKHOCTaM B 3THX 
TOHKaX o6pa3yiOT CHCTBMy H3 n JIHHBHHO HB3aBHCHMbIX BBKTOpOB. HoCKOJIb- 

Ky BcaKaa napa bb l-MBpnbix 3jibmbhtob paBHa L^/AZ^, to BcaKOB ^hckpbt- 

nOB BpamBHHB 4)aKT0p-pBmBTKH L"/AZ" MO>KHO pa3JI0JKHTb B KOMn03HII,HIO 
flHCKpBTHblX BpamBHHH BCBB03M0iKnbIX BB nap, a CJIBflOBaTBJIbHO rpynna flHC- 
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KpeTHbix BpameHHH 4)aKTop-pemeTKH U^/AT/^ paBHa rpynne neTHOCTH CP^. 

HycTb ^ana 4)aKTop-pemeTKa L^/SZ^, KOTopyio mojkho npe^CTaBHTb b 
BHfle HBTbipex OKpyjKHOCTeii, tohkh nepeceHenHa KOTopbix pacnojioJKenbi 
b ysjiax o6pa3yK)Tn,ero napajijrejTorpaMa pemeTKH L^. HocKOJibKy ecHKaa 
OKpyjKHOCTb SToii pemeTKH ne ,T,onycKaeT oSpamenHH CBHsaHHbix eii ya- 
jiOB, TO ;i;HCKpeTHbie Bpamenna (i)aKTop-pemeTKH / B'l?' CBo;i;aTca k TeM 
H30Mopc|)H3MaM o6pa3yioiii;ero napajiJiejiorpaMa, KOTopbie nopojK^aiOTca hc- 
KjiiOHHTejibHO ero flHaronajibHbiMH OTpajKennaMH, a cjieflOBaTejibHO ohh co- 
CTaBjiaiOT rpynny BP2. Ana^rrorHMHO, nycTb /xana (J)aKTop-peineTKa / BU^ , 
KOTopyio MO>KHO npe/iCTaBHTb B BH/ie n-napajiJiejiennne^a, cocTaBjienHO- 
ro H3 2" y3JiOB, CBaaaHHbix OKpyjKHOCTaMH. Torfla, ;i;HCKpeTHbie BpaineHHa 
c|)aKTop-pemeTKH 'L? / B7? CBO^aTca k tcm H30Mop(J)H3MaM oSpaayioinero n- 
napajijiejiennne^a, KOTopbie nopojK^aiOTca HCKJiiOHHTejibHO ero ^naronajib- 
HbiMH OTpajKennaMH, a cjie^OBaTejibHO ohh cocTaBjiaiOT rpynny BPn. 

HaKOHen, nycTb ;i,aHa 4)aKTop-pemeTKa L"/JZ", KOTopyio mo>kho npe^- 
CTaBHTb B BH;i;e m-napajijiejiennne^a, cocTaBJieiiiioro h3 2"* y3JiOB, CBa- 
3aHHbix nyHKaMH h3 rij OKpyjKHOCTefi. HocKOJibKy ^HCKpeTHbie Bpani,eHHa 
c|)aKTop-pemeTKH L"/JZ" CBO^aTca k cocTaBJiaioin;HM rpynny BP^ ^naro- 
najibnbiM H30Mo4)H3MaM m-napajiJiejiennne^a, KOTopbie ;i,eHCTByiOT na npa- 
MOM npoH3BeflenHH ^ncKpeTnbix Bpamennn ny^KOB OKpyjKnocTeii, cocTan- 
jiaiomnx rpynny C Pjn , to ee rpynna flncKpeTnbix Bpan^ennii panna 

Y["^ CPrn X BPjn- TaKHM o6pa30M, flOKa3aHO 

3.1 npe^jio:»<;eHHe. Fpynna ducKpemnux epaui,eHuu pemeniKU j JIT- sk- 
eueaAeHniHa spynne uemHocmu JPn 

EcjTH paccMOTpeTb TiejTbiH KOHTHnyyM nenpepbiBBbix Bpani,eHHH (J)aKTop- 
pemeTKH /AH\ ocTaB.rraiOTTiHx na MecTe ee y3JiOBbie tomkh, to mm no- 
jiyHHM rpynny flBnacennn ccj^epbi 5*", ocTaBJiaion^nx Heno;i;BH>KHbiMH ee no- 
jnoca, T.e., rpynny SO(n). Anajiornnno MOJKno 6biJio 6bi nojiynnTb rpyn- 
ny flBHJKenHH npaMoro npoH3BeflenHa c(|)ep, ocTanjiaiomnx nenoflBHJKnbiMn 
y3JiOBbie TonKH cooTBeTCTByTonien 4^aKTop-pemeTKH. /JeiicTBHTejibno, ecjin 
(J)aKTop-pemeTKy L"/JZ" paccMaTpnBaTb KaK Kapxac (o^noMepHbin Kjie- 
TOHnbin KOMnjieKc) npaivioro npoH3Be;i,enHa c4)ep S*"^ x • • • x 5*"™ , to rpynny 
flHCKpeTnbix Bpani;enHH 4)aKTop-pemeTKH JP„ MOiKno 6biJio 6bi pacmnpnTb 
flo rpynnbi neTnocTH Jin SO(ni, . . . , rim) h conocTaBHTb ee rpynne ^BHJKennH 
npaMoro npoH3Be,T,eHHa c4)ep S*"^^ x ■ ■ ■ x S*""" , ocTaBjiaioin,Hx nenoflBHJKnbiMn 
y3JiOBbie TOHKH cooTBeTCTyiomeH 4)aKTop-pemeTKH. 

B 3aKjnoHenHe BOcnojib3ye]vica nojiynojiapnbiM npeflCTaBJienneivi kom- 
njieKcnbix nnceji, HTo6bi ycTanoBHTb reoMeTpnHecKoe npe^CTanjienne kom- 
naKTnoii ynnTapnoii rpynnbi U{n). HycTb ^ano MaTpnnnoe npe^CTanjienne 
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rpynnbi U{n) b BH;i;e MaTpnn; (Kj^e^'^)^, r^e Kij G M, 9ij G [0,7r[. Tor^a, npn- 
paBHHBaa MaTpHHHbie KOMnoneHTbi 6ij nyjieBofi MaTpHii;e, mm nojiynnM h3 
MaipHMHoro npeflCTaBjieHHa yHHTapnoH rpynnbi MnojKecTBO MaTpnn, {K,ij)n, 
cocTaBjTaTom,Hx opToronajibnyio rpynny 0{n). C flpyron CToponbi, npnpaB- 
nnsaa KOMnoneHTbi Kij e,T,HnHnnoH MaTpnn,e, mm no.rrynnM MnojKecTBO MaT- 
pnn; diag[6'ij]„, npeflCTaBJiaiomnx coSon aSejieBy rpynny T" = M'^/Z". Bmg- 
CTe c TBM, ecjiH B3aTb Taxne nponaBOJibnbie ynnTapnbie Maxpni^bi A, B, C, 
MTO AnC npnnaflJiejKaT no^rpynne, H30Mop4)noH 0(n), a MaTpHn,a B npn- 
na^jiejKHT no,T,rpynne, H30Mop(J)noH T", to MHo:a<;ecTBO yHHTapnbix MaTpnn 
ABC cocTannT rpynny, nMeiomyio pasMepnocTb n^, T.e. mm nojiynnM bck) 
rpynny U{n). Cjie;i;oBaTejibHO nMeex mgcto 

3.2 ripe^jiOiKeHHe. U{n) = 0{n) ■T'^ ■0{n), sde mouKa osHaHaem cenaan- 
Hoe npouaeedenue. 

SaMBTHM npn 3tom, mto flByxjincTnbiM naKpbiTneM c4)epbi S"^ c bmkojio- 
TbiMn nojiiocaMn asjiaeTca Top S^xS^ = R/2Zx]R/2Z, KOTopbin nojiynaeTca 
Bpain;eHHeM OKpyjKHOCTn BOKpyr ocn, Kacaioiii,enca b npe;i,e.Te OKpyjKHOCTH 
B flByx ee npoTHBonojioiKHbix TOHKax, T.e. TaK, mto OKpyjKHOCTb oxBaxbiBaeT 
ocb H B npe^ejie cxpeMHTca ee nepecenb b ^Byx cbohx ^naMexpajibno npoxn- 
BonojioJKnbix TOMKax. OTO>KflecTBjiaa npoTHBonojioJKnbie tomkh 3Toro Topa, 
MM nojiynaeM rpynny = M^/Z^, a cjie^OBaTejibno reoMeTpnnecKoe npe/i- 
CTaBJienne ynHTapiioii rpynnbi U (2) CBo;i;HTca k CBasaiiiiOMy nponaBeflennio 
3T0H rpynnbi n rpynn Bpan^enna jihctob naRpbixna ccj^epbi S'^ c bmkojiotmmh 
nojiiocaMH. 
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